Abstract-In this paper, we examine the passivity and stability of quasi-static partial element equivalent circuit models. The impact of inaccuracies in the computed partial element values is considered as a possible source of time domain instabilities. Our analysis shows how existing partial element calculation routines, analytical and numerical, and the use of poor mesh generators can introduce large errors in partial element values We also show how this affects the passivity and stability of the PEEC model. Theoretical constraints for passivity are derived which depend on accuracy of partial element values. The conditions are verified by performing practical PEEC model analysis.
I. INTRODUCTION
With the increased performance of todays electronic systems, electromagnetic (EM) modeling is of increasing importance for EMC researchers and product developers. These problems can be solved efficiently by choosing an appropriate modeling technique. Solving combined electromagnetic and circuit analysis problems is required for printed circuit board (PCB), subsystem-PCB modeling, and electrical interconnect and package (EIP) problems. Two dimensional (2D) transmission line analysis is used when applicable. However, where 2D modeling is inadequate, three dimensional (3D) modeling techniques must be used. In the 2003 International Technology Roadmap for Semiconductors (lTRS) [I], the use of highfrequency 3D EM modeling is designated as an emerging area. This roadmap states that the need for high-frequency modeling and package electrical modeling will be of increasing importance over the next decade. Some of the reasons cited are the multi-GHz signal bandwidths at all levels of integration and packaging, mixed-signal functionality, and larger wiring densities in complex 3D environments [2] . The partial element equivalent circuit (PEEC) method [3]-[5] is a 3D full wave modeling method for these type of problems. Unlike the method of moments (MOM), the PEEC is a full spectrum method valid from dc to the maximum frequency determined by the meshing.
In the PEEC method, the integral equation is interpreted as Kirchoff's voltage law applied to a basic PEEC cell which results in a complete circuit solution for 3D geometries. The benefit from the equivalent circuit formulation is that additional SPICE type circuit elements can easily be included. Also, the models and the analysis apply to both the time and formulation are the direct applicability of model order andor model complexity reduction. With a general purpose SPICE like solver, different analysis such as full-wave or static, LR or RC, and transmission model analysis can be performed. The PEEC method has recently been extended to include nonorthogonal geometries [6] . This model extension, which is consistent with the classical orthogonal formulation, enables better modeling of non-orthogonal geometries by avoiding lhe typical staircase approximations previously used and thereby improves modeling accuracy. The MNA formulation [71 solves simultaneously for the volume cell currents and the node potentials in the discretized structure. This approach is used in most SPICE type circuit solvers. It has several advantages over an MOM analysis and is preferable to an admittance formulation [8] since any type of circuit element can be included in a straightfonvard way with appropriate matrix stamps.
In this paper, we investigate the time domain stability analysis of PEEC based electromagnetic models from a circuit perspective. Here we concentrate on the the impact of the accuracy in the partial elements on the stability. This type of stability analysis has been motivated by several issues.
. The recently introduced nonorthogonal PEEC formulation [6] requires the use of numerical space integration rather than analytical formulas as they are used for most partial element evaluation.
. Stability is an important and difficult issue for full-wave PEEC solvers.
. PEEC modeling is used for a wide variety of geometries.
Some of these systems result in dense PEEC model submatrices with a wide range of coupling terms which are prone to numerical errors.
. Recently, research on the sparsilication of partial inductance matrices has been attempted [9] 
PEEC MODEL DERIVATION
The single dielectric form of the PEEC method is derived from the mixed potential integral equation (MPIE) written as where l ? ' is an incident electric field, T i s a current density, A is the vector magnetic potential, and + is the scalar electric potential at observation point F. By using the definitions of the EM potentials, the current-and charge-densities are discretized by defining pulse basis functions for the conductors and dielectric materials. . This well known problem, which is often termed 'late time instability' results in an oscillation of an exponentially increasing amplitude which starts at some point in time while totally masking the real solution. Reasons for the instabilities are:
I ) the meshing of the geomeuy which is also related to the delay discretization for full wave models, e.g. [14];
2) the numerical time domain integration technique [I51 which is important for both quasi-static and full-wave PEEC models.
Both issues have been published and solutions were proposed to improve the stability of PEEC models based on these analyzes. Here, we introduce a third issue which impacts on PEEC model stability, which is the accuracy of the partial element values. It will be shown in the following sections that the factors contributing to inaccuracies in partial element calculations are: the wrong application of calculation routines applicable the use of large-aspect-ratio PEEC cells for which certain the use of inadequate numerical integration for general the inappropriate discretization of objects without adapted
The consequences of erroneous calculated panial elements in the final PEEC model solution are hard to predict. However, there is a large possibility that the errors will be emphasized when creating the PEEC circuit equations where numerical errors can be introduced in the required matrix operations.
The result can be an unstable PEEC model or a stable PEEC model providing incorrect information. This paper focuses on the errors introduced in partial element calculation and the numerical errors introduced by the matrix operations.
only for specific cases; calculation routines perform poorly;
PEEC and nononhogonal PEEC models; meshing routines.
IV. SOURCES OF ERRONEOUS PARTIAL ELEMENT VALUES A. Calculation Routines
This section addresses the importance of using the right routines when calculating the partial elements. Examples on unstable and unsuitable routines are given for both the analytical and numerical routines. I) Analytical formulas: The use of analytical formulas for partial element calculation in PEEC modeling is desirable due to fast and simple usage. For orthogonal PEECs, the analytical formulas are unconditionally used. However, the formulas have to be used with care. One of the benefits with PEEC modeling is the possibility to use large-aspect-ratio cells in the discretization. This requires the use of correct routines so that numerical instabilities, as illustrated in Fig. 1 , can be avoided. example. We can define a limit for conductor length to width ratio of max. 2: 1 using 5th order G-L numerical integration. The contour formulation is much faster than the volume formulation previously. Hence, they show an advantage for the close form solutions for PEEC solvers. Previously published guidelines 1161 have proved to be valuable when choosing analytical formulas for the partial coefficient evaluation. numerical integration. It is clear that even the 8th order of Gauss-Legendre numerical integration gives poor results for conductor aspect ratios of 1:2 since the relative error in the order of 1.5% is much too large for dense problems. Also, a very careful implementation is required to avoid large compute time when using the 8th order or higher G-L numerical integration techniques.
The previous results displayed the self inductance for a volume cell with finite thickness. Since zero-thickness structures are sometimes sufficient for some problems. For this reason, a test was performed for a 'zero-thickness' cell. The results shown in Fig. 3 compare the same scheme used in the previous example, using conditioning of analytical formulas, with the contour formulation This section has illustrated the potential error in partial inductance calculations using different available formulations. The partial coefficient of potential (capacitive) calculation is very similar and similar results are expected when performing the same tests.
For orthogonal PEEC models, the partial elements are best calculated using ,schemes of the type presented in [161. For nononhogonal elements, when numerical integration is used, the required integration order needs to be examined and schemes developed to assure accurate partial elements and modeling results.
B. Discretization of Geometry
One of the objectives of the meshing in the PEEC approach is the careful allocation of the unknowns or subdivisions. A technique which is called projection meshing is used to obtain convergent results without an excessive number of cells. In this approach, cells for neighboring conductors are lined up. It was shown in [I21 that capacitive couplings could be completely wrong if projection meshing was not used for close conductors. It is evident that the proper meshing for multiple conductor geometries is quite a challenge.
In this section, we give an example similar to the one in [12], to display the importance of projection meshing for PEEC models. Consider the three conductor geometry in Fig.   4 This simple example shows the possible errors introduced in the partial element values by not using a projection meshing type approach where neighboring cells are matched in the limit as the distance between the conductors goes to zero. In the next section, the passivity and stability of simple PEEC models are investigated with respect to accuracy of the calculated partial coefficient of potential values. It will be evident that the proper meshing does have an impact on the stability issue.
V. STABILITY WITH RESPECT TO POTENTIAL COEFFICIENTS

A. Theoretical considerations
The electric field or the capacitive effects in PEEC are modeled using the theory of partial coefficients of potential, p,,, calculated using the basic expression in (3). In the PEEC method, a coefficient of potential matrix, P, is constructed with elements of the type p,,, which is more dense than the partial element matrix for rectangular geomeuies. For PEEC, the P matrix is dense, symmetric, and positive definite [41.
The energy for the potential coefficient can be written as a quadratic form, or
where Q is the vector of total cell surface charge. Note all elements in P are positive as is evident from (3). For a quasistatic PEEC model, lumped capacitances can be used from the inverse of the P matrix or cs = P-' where the Cr is a shon circuit capacitance M-mauix with positive diagonal and negative off diagonal elements. Hence, it is evident that any positive off diagonal element in the Csmatrix indicates an error in the analysis which may be caused by meshing or a combination of strong and weak couplings, as well as numerical errors in the coefficients. The circuit twoterminal capacitances are obtained by manipulating the Cs matrix according to the following: the diagonal terms are obtained by summing each row in the C,-matrix, c,i = xvj G,,;
the off diagonal terms are the negative value for the corresponding off diagonal element in the C,-matrix, ie.
Thus, it is evident that all two terminal circuit capacitances should be positive. Here, the stability of a quasi-static PEEC model with respect to circuit capacitances for a, simple one-cell PEEC structure is considered, Fig. 5 . It is well known from circuit theory that lumped circuits without independent as well as dependent sources and with positive circuit elements are passive. We use the single cell model to illustrate the impact of inaccurate potential coefficients on stability. To monitor the stability and passivity of the circuit, we study the input impedance at the point marked ZIN in .FigS. It is evident that both nodes in the small circuit are observable from this point. Stability and passivity are given by the condition that all eigenvalues are in the left hand plane, or Re(ZIN)t 0 for all frequencies since a negative input impedance indicates a non-passive circuit which generates energy. The input impedance for the one-cell model c . . While our analysis is restricted to quasi-static PEEC models, we can argue that the conditions are necessary for fullwave (Lp,R,P,r)PEEC models where T indicates that delays or retardation is used. Essentially, retardation is negligible for sufficiently low frequencies or for sufficiently small geometries. For these cases the quasi-static conditions must be fulfilled.
E. Numerical Experiments
First a symmetric one-cell geometry is considered. The length is 5 cm, the width is 2 cm, and the thickness is very small, 1 Km, and is assumed to be zero thickness in the calculations. The PEEC model matrices are as follows: The results are in accordance with the theoretical constraints developed earlier. Importantly, we conclude that the asymmetric discretization put a stronger constraint on the accuracy in the mutual capacitance term, C12. This corresponds lo realistic models since the cell size is widely varying for practical problems.
